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The reaction kinetics has been investigated of a general monomolecular reaction between n
components, where reactions between some components are reversible and between others
irreversible. The reacting components may be divided into groups so that all thc components
inside one group may change reversibly into each other, while reactions between components
of different groups are irreversible. The reaction kinetics for each reversible group may be found
similarly to the case where all the reactions are reversible; solutions for the individual reversible
groups may be used to obtain solution for the whole system. A solution was also found to a dif-
ficult case in which matrices have multiple eigenvalues for irreversible consecutive reactions,
namely, for a general case of degeneracy. Formulas are given for the calculation of derivatives
of concentrations of the individual components with respect to parameters. The equations thus
derived were applied to the reaction kinetics of a polymeranalogous reaction (e.g., hydrolysis
of polyacrylonitrile).

In the preceding paper! we investigated the reaction kinetics of a reversible mono-
molecular reaction between n components. In this paper, a solution is found for
a general case where some reactions are reversible and some others are irreversible.
In this case the components may be divided into groups so that components of the
same group may reversibly change into each other, while reactions between com-
ponents of different groups are irreversible. In order to solve the reaction kinetics,
the kinetics of each reversible group is solved separately by employing a procedure
analogous to the solution of a reversible system in ref."; solutions for the individual
groups are then used to obtain a solution for the whole system. In this step, a loss
of accuracy occurs, if different reversible groups possess very close eigenvalues 4,.
For the case of the equal eigenvalues in the different reversible groups the solution
fails. This difficulty is rather easily removed by dividing the matrices R and S into
a regular part, which does not contain differences between very close eigenvalues
in the denominator, and a singular part, which has non-zero off-diagonal elements
only between very close eigenvalues. Results of the solution to the reaction kinetics
are applied to a polymeranalogous reaction?~® (e.g., hydrolysis -of polyacrylo-
nitrile), where they allow us to find a general solution to the kinetics without intro-
ducing any statistical assumptions. In this case all the reactions are irreversible,

Collection Czechoslov. Chem. Commun. [Vof. 45] [1980]



1198 Jakes:

so that each of the reversible groups contains a single component only and the solu-
tion to the kinetics of the reversible groups is not requested.

Since the mathematical part of this paper is very closely related to ref.!, the num-
bering of equations started in ref.! is continued in this paper. In other words, equa-
tions in this paper are numbered starting from number (30), while references in the
text to Eqs (/)—(29) mean automatically references to Eqs (/)—(29) in ref.'. Also
all the mathematical symbols introduced in ref.! keep their meaning in this paper.

Derivation of the Time Dependence of Concentrations of the Individual
Components and Their Derivatives with Respect

to Parameters for a Monomolecular Reaction Between n Components,
where Some Reactions Are Irreversible

If in the reaction scheme of a monomolecular reaction between n components some
reactions are reversible and some are irreversible, it follows from the second law
of thermodynamics (i.e. from the validity of Eq. (7) — as has been pointed out in the
introduction, the reference regards Eq. (7) of ref.') that the reacting components
may be divided into groups, so that

1) the reaction between two components belonging to the same group proceeds
either in both directions or in neither of them, and each component may change
into any other in the same group either directly or through one or several inter-
mediates;

2) between two components which belong to different groups the reaction proceeds
either in one direction or does not proceed at all; more generally, if component A
can change into component B (either directly or through intermediates), component B
cannot change into component A (either directly or through intermediates), if A and B
belong to different groups.

It follows from property (2) that the groups may be arranged so that the component
of any group may change into components in the following groups only and not
into those in the preceding ones. If matrix K (ref.!) is divided into blocks with respect
to groups, then in such an arrangement the off-diagonal block matrices lying below
the main diagonal are zero. Hence, the diagonalization of matrix K is separated
into the diagonalization of blocks, each of which corresponds to one reversible group.

If neither of the components of a group changes into the components of the other
groups, the respective block Ky, of matrix K is quite identical with the reversible
scheme and the solution is the same. In the opposite case we need to define c? values
in this block, which here have not the meaning of equilibrium concentrations, but are
needed for the definition of the matrix I and for further calculation. For this purpose,
we put the rate constants of all the reactions to components of other groups equal
to zero and define ¢} for the reversible scheme thus obtained. The reintroduction
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of neglected rate constants affects only the diagonal elements of the block K,, of the
matrix K corresponding to the group in question, so that the matrix A,, = I'K,, T'™!
remains symmetrical also after this reintroduction. The solution of this block is ana-
logous to that of the reversible scheme, but A, = 0, r;, = 1, and s,; = ¢ does not
hold. If the smallest (in the absolute value) eigenvalue 4, is not too close to the second
smallest A,_,, the group attains after some time a quasistationary state, in which
the concentration of the i-th component is proportional to s,; and concentrations
of all the components decrease as e*** with time. Of course, the s,; values are generally
different from the c? values introduced above.

This solution yields for each reversible group matrices R,, and S,, and a diagonal
matrix A,. Now, it is our task to obtain matrices R, S, and T for the whole system
from these data. Similarly to the matrix K, also in these matrices the ofl-diagonal
block-matrices below the main diagonal are zero, i.e. R, =0, $,, =0, T,,, =0
for k > m. The diagonal blocks of matrices R and S are matrices R, and S,, found
in the solution of the individual groups. In order to determine off-diagonal blocks,
we introduce the auxiliary block-diagonal matrix Ry, the diagonal blocks of which
are equal to R, and the off-diagonal ones are zero, and matrix S, with diagonal
blocks equal to S, and off-diagonal ones equal to zero. We also introduce matrices
P = S,R, Q = SR, and F = S;KR,,. For their blocks it holds that P,, = Q,, = E,
Fo = A, Pim = SikRims Qim = SimRams Fum = SukKymRpum: For k > m all the
block-matrices X, , are zero. The matrix Fis triangular, which makes possible an easy
calculation of the blocks of matrices R and S. The equation KR = R A is multiplied
by S, from the left and rewritten as SoKR,.SqR = S;R. A, or FP = P A, The
last equation is rewritten with respect to blocks and components, with the first
and last terms separated in the block multiplication:

m-1
2N Pym)is + ( :2 1st"sm)i,‘ + (Fum)iy = (Pim)ij ™
s=k+

where A{¥) is the i-th eigenvalue of the k-th block K,, of the matrix K, and the nota-
tion (X,,,);; denotes the element (i, j) of the block X, of the matrix X. Hence,

m-1
(Peads = (Funy + (T FuPa )05 = 29). (30)
o
For k = m — 1, the sum in this equation is empty, and the matrix P, _, , may be
calculated directly. Thus, Eq. (30) is a recurrent formula for the calculation of matrices

P, with fixed m and decreasing k.
Similarly, from the equation QF = AQ we derive

(@udy = (Funds + (3, QuEMI = 2). ()
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Eq. (31) is a recurrent formula for the calculation of matrices Q,,, with fixed k and
increasing m. A simpler way for obtaining the matrix Q consists in the inversion
of matrix P according to

m-1
(ka)ij = —( ZkasPsm)i] , k<m, Q,=E, (32)

which is a recurrent formula with fixed k and increasing m, or on the contrary, we may
calculate the matrix Q using Eq. (31) and the matrix P using the equation

(Pkm)ij = —( Z kaPsm)ljv k<m, P,,=E, (33)

s=k+1

which is a recurrent formula with fixed m and decreasing k.

One can see from Eqs (30), (3/) that the matrices P, Q exist, if one cannot find
two equal eigenvalues corresponding to two different reversible groups. If, however,
in the reaction scheme components of one of these groups (that with the lower
index) cannot change into those of the other group, either directly or through inter-
mediates, the numerators in Eqs (30), (31) are zero, and hence the matrices Py, Qym
are zero. If such a situation arises for all the pairs of equal eigenvalues in different
blocks, the matrices P, Q exist in this case also. If, on the other hand, at least one
of the numerators in Eqs (30) or (3/) is nonzero for at least one pair of equal eigen-
values, each of which belongs to another reversible group, the matrices P and Q"
do not exist. For very close eigenvalues (i.e. if the numerator is very large compared
to the denominator), the procedure described below becomes numerically unstable.

If the matrices P, Q do exist, the matrices R and S, R = R,P and S = QS,
can be calculated from them. The latter may be employed without change in Egs
(11), (19), (20), and (22); using Eqs (12), (18), and (13), it is then possible to calculate
concentrations of the individual components and their derivatives with respect
to the parameters.

Among reversible groups there is at least one the components of which cannot
change into components of other groups. Such a group has just one zero eigenvalue;
all the eigenvalues of the other groups are negative. If such a group is just one,
there is a single zero eigenvalue in the whole system, and the respective eigenvectors
have the form r,, = 1 for all the components i in all the groups, and s,; = c%,
where ¢} is the equilibrium concentration of the i-th component, which is of course
zero for the components of the other groups. If, however, there are several such
groups, each such group has one corresponding zero eigenvalue. This degeneracy
does not prevent the definition of the matrices R, S, because the components of one
of such groups cannot change into components of other such groups. r;, then indi-
cates which relative part of the i-th component passes after completion of the reaction
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into the group which contains the respective eigenvalue A, = 0; it holds Z"xp =1,
P

with summation running over those p for which 4, = 0. The equation s,; = P
holds for components i from that reversible group which contains the eigenvalue
4, = 0, while for components of the other groups s;; = 0. Here, ¢? has the meaning
of an equilibrium concentration of the i-th component in the isolated group con-
taining the eigen-value 2, = 0 only. Universal equilibrium concentrations of the whole
system do not exist, because the final state depends on the initial state of the system.

To calculate derivatives of concentrations with respect to the rate constants, one
must first define an independent system of parameters. The rate constants may be
divided into two groups, namely, reversible constants characterizing reactions inside
each reversible group and irreversible constants characterizing transitions between
different reversible groups. The irreversible constants are independent and derivatives
with respect to them may be calculated using Eq. (26). If, however, there is more
than one zero eigenvalue in the whole system, the summation with respect to ¢ must
run also over indices corresponding to zero eigenvalues, because rpq — riq = 0
for 2, = 0 is not generally valid in this case. Independent reversible parameters
inside each reversible group may be introduced using Eq. (24). Derivatives with
respect to these parameters may be calculated using Eqs (27), (28'); for the summation
with respect to g, the same is valid as for Eq. (26), while in Eq. (28') in the summation
with respect to m only those indices m are considered which belong to the same rever-
sible group as component [. If also the irreversible constants were replaced by the
parameters w;; according to Eq. (24), w; being zero for j > i, the derivatives of con-
centrations with respect to In R, would be calculated according to Eq. (28), and for
irreversible w,,,, derivatives with respect to In w,, would be identical with derivatives
with respect to In k. Let it be noticed that the values 8f;;/0kn, 01;;/0wn, and
01;;/0R, are nonzero only if the components of the reversible group containing the
component i may change (either directly or through imermediales) into components
of the group containing the component [ (including the case where both i and /
are in the same group), and at the same time, components of the group containing
the component / may change into components of the group containing the com-
ponent j (again including the case where I and j are in the same group).

Let us consider now the case where the system contains at least one pair of very
close eigenvalues corresponding to different reversible groups. In this case, the
matrices P, Q are rewritten as P = P"P* and Q = Q*Q"; for the sake of simplicity,
we further omit the distribution of indices into reversible groups, which for the
triangular matrices P, P*, P, Q, Q', and Q°® only indicates that off-diagonal elements
corresponding to two indices from the same group are zero, and denote the element
(i, j) of the matrix P* by a simplified symbol P;; instead of (P*);; and similarly for the
matrices Q%, P*, Q", P, Q, and F. The matrices P%, Q® are chosen according to Eqs (30)
and (31), with F;; replaced by 4;;; the elements A;; are suitably chosen below, being
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nonzero only if 4, and 4; are very close (and belong to different reversible groups):

Pl = 3 AP0y - 2), &)
:J = Z Qn- sll(}‘ - 'l (35)

further, P}; = Q0 = 1. Hence, (Q*)™! = P*, and thus also (Q)™! = P, because
Q™! = P.Italso holds that Q; = P{; = 1, and for the other elements of the matrix
P" we derive

Py =ri P, 0y = (r 2 (}“r - )'S) P, 0% *r;s (A'r - Ai) Py, :i)/()'i - )-s) .

In the first summation we substitute for Py using Eq. (30), while in the second one the
substitution for Qf is carried out using Eq. (35), and the order of summation indices
is interchanged:

r i-1i-1

(5, 5 RuPui- % 5RO - 1) =

=st1

IZ gFum,Q,. Z ZPS,Q” DI = A)

=3+l r=m j=sr=s

3/\

Now, the substitution for
i J
ZPmrQ:i = Py; and ZPer:j = P;j
r=m r=s

yields the final expression

P:i=( IZ FsmP:'ni_ZPs; Jl)/() _’1) (36)

m=s+1

If the values of A;; are given, it is possible, by employing Eq. (36), to calculate the
off-diagonal elements of the matrix P so that we start with i = 2 and increase the
index i one by one; for each fixed i, we start with s = i — 1, and decrease the index
s one by one. The A;; values are chosen simultaneously with the calculation of the
Py, values using Eq. (36). If 4, is sufficiently different from A,, we choose

i

Pu= (3 FuPui= S P — 1), 4a=0. @)

m=s+1
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This choice may also be employed in the case where ; and A, are very close, but also

i-t

E wPri = X PLAy

m=s+1 j=s+1

is so small, that after dividing we obtain a value for P}; which is not too high to cause
a loss of accuracy in the calculation. In the opposite case we choose

i-1

Py = = S FaPh- S Py (38)

m=s+1 j=s+1

Let it be pointed out that the choice by Eq. (38) is not unambiguous: to satisfy Eq.
(36), we may choose P; arbitrarily with the only restriction that it should not be too
high, and calculate Ag; from Eq. (36). The choice according to Eq. (38) has been made
because it is the simplest way. Using Eqs (37), (38) and the relation Pj; = 1, we can
obtain the matrix P"and hence by its inversion according to Eq. (32) the matrix Q".
Let it be pointed out that from A; #+ 0 it does not follow that Qg; = 0

Similarly to Eq. (36), we may derive

s—1 s

s = (mz_: ::nFms ‘j_z_;lAijQ;s)/('li - /1,) . (39)
The relation (39) is not suited for the calculation of the Qf values, if the A;; and Pj,
values have already been calculated from (37) or (38), because due to the Joss of ac-
curacy the matrices P* and Q" thus calculated do not satisfy the relation P'Q" = E
with sufficient accuracy. On the other hand, however, the matrix Q" and the 4, values
may be calculated from the equations

(= (S0P = T 4G - 4), Au=0 (40

which are used if Z; is sufficiently different from A, or if at close 4; and 2, the value
Q', is not too high to cause a loss of accuracy; or from the equations

s—1 s—1
R= 0 A= S Qe — T 450, (41)
m=i j=it
which are used in the opposite case. The matrix PT is then obtained from the matrix QF

thus obtained by the inversion according to Eq. (33). However, the P", Q' matrices
and A;, values obtained by employing this procedure are different from those ob-
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tained by Egs (37), (38), (32), which is a consequence of the ambiguity of choice
in Eq. (38). On the other hand, both sets give the same matrices T and RUS.

In order to calculate the time dependence of concentrations, let us now calculate
the matrix T. We have

T = Re"'S = R,Pe*'QS, = R P'Pe*'Q'Q'S, = R(P%*'QY)§",

where we have put R = R,P", 8" = QS,. The matrix P%¢"‘Q* remains to be found.
For this purpose, let us first distribute the eigenvalues into groups so that 4; and /;
fallinto the same group, if A;; + 0orif A;; # 0, or if there is such a sequence of indi-
ces starting with i and ending with j that for its each two adjacent indices r, s, either
A # 0 or A, # 0is valid. A;; may differ from zero only if 4; and 4; are close,
i.e. |2; — Aj] < & where ¢ is the limit below which the cigenvalues 4;, 2; are regarded
as degenerate. If the group contains n eigenvalues, then for each two of them it holds
that [4; — 4| < (n — 1) & Thus, all the eigenvalues in the same group are very close.
The element (i,j) of the matrices P*, Q%, P%¢”"'Q® may be nonzero, only if 2; and Z;
fall into the same group. Hence, these matrices decompose into blocks, each of which
corresponds to one group of degenerate eigenvalues. In particular, in the row and
column corresponding to a nondegencrate eigenvalue, only the diagonal element
is nonzero. For the elements P};, Qf; of matrices P¥, Q*, expressions (34), (35) are valid,
in which it is sufficient to consider only those values of j and s which are in the same
degenerate group as the index i, because otherwise we have either 4;; = 0, or 4;; = 0;
the same holds for the elements of matrices P* and Q°. From (34), (35) we derive

A Ae, - A A,
P: — Z - NHl rify fu—1fu’7ruj s (4_7)
e (B = 2 (A5 = 2) (B = ) (A = A
A Ao Av A ,
§_ - i, ryry =17y’ 1y, . 43
’ % Z i = 2) s = 20 oo (2 = X)) (s = 2y) “3)
In Eqs (42), (43) the summation is carried out over all the choices of 7y, r,, ... 1, for
whichi <r; <r, < ... <r, <j,includingu = 0, when the numerator is A4;;. Of

course, the values of ry, r, ..., r, are chosen only from that degenerate group which
contains i and j, because otherwise the numerator is zero. If between the indices i and
J there are n further indices of the same degenerate group, the sums in the equations
have 2" terms, because each of these n indices may be either chosen or not chosen
for the sequence ry, ry, ..., Fy.

By using Eqs (42), (43), we obtain for (P%e*'Q%);;, i < j

(Psesz)”= Z Aie Ay - A

F1T2p0elu

A B i Ay des s 2a &3) 5 (44)

fu-ifu
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where the summation is carried out as in Egs. (42), (43). and

F™ 7N (X), Xgy e Xp) =§1[e""/n x; — ;)] (45)

i=1
Ji

In particular, if between the indices i, j there is no other index of the same degenerate
group, we have

) eMt — Mt
Poer @), = A, ST
(@), = 4, T2

if, however, there is a single index r of the same degenerate group, it holds that

Mt o gt Shit

(Pe MQS) Ajj e*e_* + Ai Ay ('—-‘L— s +
i = 7 i = 2) (5 = 2)
e” e

i [ ;‘i) (e /J) * ()'J - /l,) (/J - j’r)) '

and if there are two indices r < s of the same degenerate group, it holds

e’ — e
M- 7

J

(Pe™'Q%); = Ay + Ay Ay FH (2 A, 75) +
ehl
+ AAg FH A, A, 25) + A A, A

" '”(w S YA TR

det Tet

TS W) (r = 2) (2 = 2y) T O S = ) (e = 2 *

R
For i = j, (P*e"'Q’),; = oMt

In our case all the x; values in Eq. (45) are very close, because the 4; in question
belong to the same degenerate group. For this reason, the function F™~!(x,, x,, ...
.., Xp) cannot be calculated using Eq. (45) because of the loss of accuracy. The
function can be calculated so that the function e is expanded in a Taylor series
in a suitably chosen point x, (common for all the x;). x, is selected inside the interval
which comprises the x; values (we may choose e.g. one of the x; values or their
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arithmetic mean). The result of the expansion in a series and of further rearrangements
is that

£ 's+m“l
F™ Yy, Xpp ooy Xp) = €'Y — X, 46
(eurx2 ) ,;o(s+m—l)! : (4)

where X, = 1,
Xo= 3 [IMst); (47)

S1.52,.--
Lis =s
[

the product is formed over all the i for which s; > 0, and the summation is per-
formed over all the choices s, 55, s3, ...; s; non-negative integers, which fulfil the
condition

IngE!

Yis;=s, and M, =

i=1 j

(x5 = xo)'.

1

The explicit expressions for X; for i = 1 to 7 are

Xl =M,

X, = iM} + IM,,

Xy = tM} + sM M, + M,

Xy = 5Mt + IMIM, + tM3 + 1M My + 1M,

Xs = 1Ml + 2MIM, + sM M3 + IMiIMy + sM,My + MM, + M,

Xo = msMi + MM, + EMIM3 + LM} + SMIM; + sM MMy + M5+
+ MIM, + M My + M Mg + IM,

X7 = sooMi + sMiMy + HSMIM3 + M M3 + SMIM; + SMIM, M, +
+ 2 MIM; + M ME + LMIM, + AM MM + 5M M, + S5MIM s +
+55MMs + M Mg + tM, .

X, may also be calculated using the following expression, recurrent with respect to the
number of arguments m

X(xy) = (xy = Xo), Xy(x1, X2, o0 Xem) = 2. (X — X0) Xgoa(X15 X35 oo0s Xy
k=0

(47)

Here we have explicitly shown to which x; quantities the respective X is related.

A proof of the validity of Eqgs (46), (47), and (47') is given in the Appendix.

Collection Czechoslov. Chem. Commun. [Vol. 45] [1980]



Kinetics of a Monomolecular Reaction 1207

Using Eqgs (44), (46), and (47) or (47’), it is now possible to obtain the matrix
Pse"'Q". The calculation is most suitably carried out by selecting one of the A,
values of the respective degenerate group for x,. In such a case, the X, values do not
depend on the fact if the index p has been or has not been chosen for the sequence
in the summation in Eq. (44), and number of sets of X, values needed for the calcula-
tion is reduced to one half. If the arithmetic mean from x; values were chosen for x,,
the expressions for X, would be considerably simplified with respect to M, = 0,
but x, would depend on the choice of the sequence, and the (x; — xo)" values would
have to be calculated again for each choice. Eqs (44), (46) and (47) or (47') may
also be used if some pairs or groups of 1, values are exactly equal, cven though they
have been derived only for the A, values pairwise different. The validity of the equa-
tions for this case follows from the continuity of the solution of a differential equation
as a function of a parameter. In this case, 4, with the highest (exact) degeneracy
is chosen for x,. Let it be pointed out that the function e.g. F2(4;, A;, 4;) cannot be
replaced by the function F'(li, ;). The series in Eq. (46) converges very rapidly,
because all the x; values are very close to x,, so that the X, quantities decrease very
rapidly with increasing s; two or three members of this series are usually sufficient
for the calculation of the series. If all the arguments of the function F™~! are exactly
equal (i.e.if x, = x, = ... = x,),it holds that F"~ (2, 4, ..., ) = ™™~ ![(m — 1)
From the matrix P%e*'Q® and matrices R, S, the matrix T is calculated from

T = R(P%"'Q") S"; (48)
using this matrix, time dependence of concentrations is calculated from Eq. (12),

In order to calculate the derivatives of concentrations with respect to a para-
meter, we introduce the matrix U* = P*UQ?, and rewrite Eq. (18) to

T _ rpPuQs,
op
or
T Rus, C)
op
It also holds that
oK 1
e = (@5, X BB Fi(i, 1), (50)
ap mn

because according to Eq. (45), F'(An, 4,) = (€™ — e=Y)[(X, — A,) for A, + 2,
and according to Eq. (46), F'(Am, Am) = te*™', if we choose xo = An. The matrix
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S,(0K[dp) R, is not triangular, but only block-triangular with respect to blocks
of the reversible groups. For this reason also the matrices Q"Sy(0K/dp) R,P", U,
and U~ are only block-triangular, but not triangular. Eq. (50) is then rewritten to

Upn = <Q' (S' aK ) P’) Fl(lm, 'ln)
ap mn

9= 5 e (W), At ).

m,k,1

whence

Let us now introduce a four-index quantity D;,; by using the relation

Ko
Dity = %, . Pin Qi Pia Q3 F'(Ams 20 » (51)
m={n=1
which particularly for i = k and I = j becomes D;;;; = F'(4;, 4;). Hence we obtain

() =% (S"—”*( R') Dy - (52)

k.1 op

In Eqs (5/), (52) i £ k;i,m and k belong to the same degenerate group; k and [
belong either to the same reversible group. or components of the group containing k
may change directly or through intermediates into components of the group con-
taining ! (otherwise (S(@K/dp) R),, = 0 would hold); I £ j; I, n and j again belong
to the same degenerate group (which may be different from the group containing
i, m and k). For nondegenerate indices i and j, Eq. (52) has the same form as Egs (19),
(20) and (22):

(U = (s R) Fu).

For the other cases the formulas for Dyy; have been derived in the Appendix.
For a case where 4; and 1; belong to the same degenerate group or are very close
to each other (4; and 4; may not belong to the same degenerate group, even if they
are very close, if A4;; = 0 or 4;; = 0), we have for i % k

Dii= ¥ AiAegy o Ay Ak F 200 A Ay oo A Ao A3) 5 (53)

LERLS FITTN £
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where the summation is carried out as in Eq. (42): for [ # j,

DiilJ= 2 A Asysy - A

81,152,004

A FYP2(0 20 Ay Ay ooy A Ay) (54)

ENERE N N }

where the summation is carried out similarly to Eq. (42); and finally, for i * k,
l+j

Diyy5 = Z AirAeirs Ay inAcak X Al Agsy oo Ag A4 X
i
T30 D Ao s e B B By gy s Fas 35) (55)

where the summation is carried out over all the choices ry, ry, ..., ry, Sy, S3, « .0y Sy,
for which it holds i <r; <r,<...<r,<k and I <s; <5, <...<35, <},
including u = 0, where the first factor is A;,, and/or v = 0, where the second factor
Is Ay

The functions F**2, F**2 and F**"*3 which appear in these relations are calculated
using Eq. (46). If 1; and A; are not close enough, Egs (53), (54) and (55) also hold,
but are not suited for the calculation of D,,,;, because the series in Eq. (46) converges
slowly. For this case we introduce first

k-1
, le(x) = Z Gis<x) Ask/(x - Ak)
and after that

Gﬁ—’(xu X2y eens Xm) = —G:_z(xl’xb "')xm—l)/(xm - )~i),

Gﬁ—l(xb X2y ees Xm) =

k
= (T GR (xy, Xz vey Xm) A — G (%10 X0 ooy Xem 1)/ (Xm = )

G{(x;) = G, (x,)- By using these quantities, the D;,; values are expressed as

lejj = z AlnAnn Aru-uuAruk[eh‘G;"i'H(li’ )"1' }‘fz‘ cen ;'ru’ Ak) +

113025000 Tu

Tm? ;*r,.,,.., ey Aruv ;‘k) +

+ Y F Ay Ay, Aeg oo 2) G5 TT(A
m=1
+ F“+l(;'ll lrp A‘rﬂ ey }‘ru‘ }'k) Gji()‘k)] + eh.Gik(Ai) (56)

for i = k; the external summation is carried out as the summation in Eq. (42);
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Dyyyy = MGy (4) +
Y Ay Aa G A[EMGE (A A A o A Ay) +

31,8208y
4 Y F Ay Ay o 2) GIF T s Ao D X)) +
n=1
+ F 0 Ay A oes Ao 25) Gi(35)] (57)
for I # j; the external summation is carried out similarly to Eq. (42); and eventually,

Dy = 2 A.,,A,.,,.--A,“..,uA,uk[e"‘G,“,-“(A A ey voos Ay ) +

r1.r2,.

4 T P A 2) G

e oo A )

(A

+ P A, Ay Ay oo Aey A) Gy(A)] +

+ Z Als|A5|sz Asv_,s, syj[eh(G'H('ll’ Asps /!1’ ] 2sv' j'J') +
81,582,008
+ z F* (AI» T8 gp reey /l,n) G:I:.i—"(lsn' A’s..u’ o Sv’ 1) +
+ F" YA A Aag oo A Ay) G 4)] (58)

for i & k and I # j, the first external summation being carried out as in Eq.-(42)
and the second external summation being carried out similarly. In Eqs (56), (57), (58)
there appear the functions F? of arguments of the same degenerate group only, so that
they may be calculated using Eq. (46), where the series converges quickly.

After calculating the Dy, ; values using Eqs (53), (54), and (55), or (56), (57), and
(58), the matrix U" is calculated by means of Eq. (52); the matrix 6T/dp is calculated
by means of Eq. (49), and eventually the vector 9C[dp is obtained from Eq. (13).

Application to a Polymeranalogous Reaction

The equations derived above are applied to the reaction of a chain of reactive groups,
in which the rate constants depend on the number of adjacent groups (none, one,
or two) already reacted. If we denote the unreacted group by X and the reacted
one by Y, we have

XXX — e UXYX ., L XXY . XYY

LLYXY . =B yYY....

Such a reaction is called polymeranalogous, because it resembles the polymerization
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reaction, k,, k,, and kj corresponding to the rate constants of initiation, propaga-
fion, and termination by recombination, respectively.

In order to investigate the reaction kinetics of the polymeranalogous reaction,
it is quite sufficient to examine the time dependence of concentrations of the se-
quences YX, Y. Keller? obtained a solution to kinetic equations by assuming that the
probability of XX being followed by X is independent of what precedes XX. Arends®
found a solution by assuming the same, but employing a somewhat diflerent procedure.
Keller* used an equivalent assumption, namely, that the concentrations of YX,Y
decrease for n = 2 in a geometric series with 1, and arrived at the same results. Alfrey
and coworkers® used a different assumption and obtained a solution to the equations
numerically. McQuarrie and coworkers® obtained simpler differential equations
by expressing kinetics in concentrations of the sequences X .

When using the procedure described in this paper, we must obtain the matrix T
as a function of time. The time dependence of the element Ty, gives us the time de-
pendence of concentration of the sequence YX,,Y, if only the sequences YX, Y were
present at the beginning of reaction (i.e., e.g., a polymer regularly reacted at each
k + 1-th group). As we disregard the concentration of reacted groups Y, it does not
hold that Y'c; = 1. All the reactions are irreversible, so that each reversible group
contains a single component, the matrices Ry, S, are unit matrices, the matrices
F, K are identical, the same are the matrices P, R and the matrices Q, S. Egs (30),
(31) may be rewritten as

m-1
Rim = (Kun + T KisRin)|(Knm = Ki) (9)
s=k+
and
m-1
Sim = (Kim + %lsksKsm)/(Klk ~ Kom) - (60)
5=

The sequences YX,Y as components of the reaction scheme must be arranged with
decreasing n. The matrix K then is

6 5 4 3 2 1

6 —2k, — 4k, 2k, 2k, 2k, 2y 2k,
5 0 —2k, — 3k, 2k, 2k, 2ky 2k,
4 0 0 —2k, — 2k, 2k, 2k, 2k,
3 0 0 0 —2k, — ky 2k, 2k,
2 0 0 0 0 —~2k, 2k,
1 0 0 0 0 0 —ks
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fe Ky = —ky Ko = —(k = 2)ky = 2k for k 2 2, Kyyy s = 230 Kmy = 2k,
form = k + 2, Ky = 0for m < k. From Eqgs (59) and (60), we obtain

n-1t
Roser = (ka + 2k, Z Risoe+ 2k, — kl) Rn—nu)/(”kx) for rz2,
i=1
and
n=1
Soten = —(2k, + 2k, an+r,i+r + Z(kz — ky) Snﬂ.rﬂ)/("kl)
i1

for r 2 2.

Hence it can be seen that for r = 2, R, and S, . depend only on n; if they are
denoted respectively by R, and S,, and if we also put 2k,/k, — 2 = x, we obtain

n-1

n-t
R, =(xR,-y + 2, R))[n and S, = —(xS,_, +2Y S;)n.
i=o i=0

It can be seen from these recurrent equations that R, and S, are polynomials of the
n-th degree in the variable x; it is then easy to derive that

(AR Jdx ) c = 1 + L =k, (d"S,[dx"), oo = (—1)",

(718, Jdx"" Ym0 = 2(—1)", (d"725,/dx""2),m0 = (— 1),

(d*S,/dx*),—o = O for k < n — 2. Hence,

Rn+,.,=i(n+l—k)’ik, rz2, (61
k=0 k!
and
Speer = (= 1) (’i +27L+L>, rz2. (62)
n! (n=1" (n-=2)

According to Eq. (11),

Tn+r,r = ZRn+r,m+r CXP(_(X +m+ ") k1’) Sm+r,r =

= exp(—(x + 1) klt)mZ::O "k_;:((n —m 1= K) xR (= 1) (! +
+ 2x™7(m — 1) + x™72[(m — 2)!) exp (—mk,1).
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In the double sum we first perform summation at constant kK + m; the internal sum
is expressed by means of the binomial theorem, and in the external sum the summation
index k + m is again denoted by k. Hence,

Tyurn = (;Z‘o(n 1= R (1 = exp (= ki)fk! =

k

1

n

—2exp(—k,t k;O(n — k) (x(t = exp (=k,0)))"[k! +
+ exp (—21\',1):2:(" =1 = k) (x(1 = exp (=K )[k!)exp (=(x + r) k).

Further rearrangement gives the final relation

Tovew = (1 + 1) 5, = (2ne™ 4 ),y + (0 — 1) €™ + 2ue™0) 5, =

=2kt

— ue Sp_3)e GOkt e > 0 (63)

where u = x(1 — exp (—k,t)) and s, = Y u*[k!. All the relations derived so far,
k=0
including Egs (61), (62), (63), hold also for r = 1,if k; + k3 = 2k,.

T,... given by Eq. (63) gives the time dependence of concentration of the sequence
YX.,Y, if at the time ¢ = 0 only the sequence YX, .Y was present in unit concentra-
tion. 1f we want to recalculate the concentration to the unit concentration of X, we
must calculate T, [(n + r). For n going to infinity, this expression goes to the
limit (1 — exp (—k,1))> exp (u — (x + r) ky1), because the s, values which appear
in Eq. (63) go to the limit e". The limit agrees with Eq. (14) of ref.* (after correcting
the incorrect sign before nkyt). By comparing the limit with Eq. (63), one can see
that the limit is attained, if both r and u may be neglected with respect to n. This
is a condition allowing us to neglect the effect of chain termination. If this condition
is not satisfied, but n is sufficiently large compared to u, the s, values in Eq. (63)
may be replaced by e". In this case we have

T, fn = R —e* Y+ 1 —r—u—(n—1-r—u) e Yn,
2. (64)

v

r

Eq. (64) allows us to estimate the error caused by neglecting the effect of chain ter-
mination in the chain of reacting groups.

For ky + ks % 2k,, let us put (k, + ks ~ 2k,)[k, = y. For m = 1, only the
denominator changes in Eq. (60), so that
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Sarra = (=1)"(x"/n! +2x""(n = 1)! + x""2)(n = 2)) n)(n — y) =

= (=" ((x + 0 = m)l((n = D)t(n =)

For R, ., ;, we obtain from Eq. (33)

Ruvia== (S0 + 1 = 5 = k)l (=02 (x + 92 = (s = 1! (s = 1)

s=1 k=0

and further from Eq. (//)

T+l L= i(_x)!_zgx +S)2 — 5 e—(l+y+l)k|l — e-(l+l+l)k” n-s x_k "
nrh s=1 (s — 1) s—y K=o k!
x(n+1—-s—k). (65)

If y is close or equal to a positive integer m, a loss of accuracy occurs in the m-th
term of the sum in Eq. (65). This loss of accuracy is removed similarly to Eq. (20).

Appendix

Eqs (46), (47), (47') and (53)—(58) are suitably derived by employing the apparatus
of divided differences. The usual notation f[x,, x,, ..., X, ] for the m — 1-th divided
difference of the function f(x)is not suited for this purpose, however, because in this
notation the form of the function f(x) and, if f is a function of several variables, the
variable with respect to which the divided difference is formed cannot be expressed
explicitly. For this reason, we introduce for the m — 1-th divided difference the
expression 4™ ' {x = x,, X5, ..., X} f(x). Eq. (4) on p. 247, ref.”, becomes

=

A7 x = Xy X0 X} (%) =§l(f(xi)/

(i = x), m=z=1. (66)

# 1l

Especially for f(x) = e, we have
A" x = Xy, x50 o, X € = FM 7 (xy, X5, 00 X)) -
For the divided differences, it holds that

A" Hx = Xy, Xgy ooy X} f(x) =
=A™y = X, Xgp 15 o0 X} (47X = xy, %5, 000, Xy, Y] (X)) (67)
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AT = X, X, X P dae e W) I(X) =
A = xpna ek (O T s = 0) +
i=1

+87My = e W OO L0 = 5) (68)

A7 = a5} () 8(5) = 3 (87 = 1,0 1)
X A™7Hx = Xy Xga gy oeer Xm) B(X) (69)
A™7Hx = Xy, Xg, oo X} f(x) =

- :i Do) 4™ {x = xp, Xgu o X} (x = Xo) 1! (70)

T 1

m
APTHx = X4, Xgy oo X} (X = Xo) = ) [T (i = xo) s
Tisf2efm =1

A Frm=s+l—m

s20 (71)
A™ 7 x = Xy, Xg, oo X (X = Xo) = Y My, s=zo,
YRS Y Poo i=1
Lis=stiom (72)

where M; =Y (x; — xo)". Eq. (70) holds, if the function f(x) may be expanded
j=1
at the point x = x, in the Taylor series which converges to the function f(x) in all

the points x = x,, x5, ..., Xp,. In Eq. (7/), the summation is carried out over all the

m
non-negative integers ry, ry, ..., Iy, Which fulfil the condition Y r; =s + 1 — m.
i=1

In Eq. (72), the product is formed over all the i for which s; > 0, and the summation
is performed over all the non-negative integers sy, s, ..., which meet the condition
Y is; =s+ 1 — m. Fors < m — 1, the sums on the right-hand sides of Egs (7/),
i=1

(72) are empty, so that the right-hand sides are zero. For s = m — 1, there is only
one addend of unit value in the sums, so that the right-hand sides are unity. The
right-hand side of Eq. (7/) may also be calculated by employing the subsequent
relation, recurrent with respect to m:

4%{x = x,} (x = xo)f = (x; — Xo)%
s+1-m
A™ M x = X, X e X (X — Xo) = Y (X = Xp)¢ X
k=0
X A2 {x = Xy, Xg, o0 Xy} (X — X0 ' TE, 520, (73)
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Eq. (67) for s = m — 1 follows from Eq. (6) on p. 248 of ref.”. By an m — s-fold
application of the equality for s = m — 1 to the left-hand side of Eq. (67), we obtain
a chain of m — s operators 4' and the operator 4°”!, and by a reverse application
of the equality to the chain of operators 4' starting from the right, we obtain the
right-hand side of Eq. (67). Eq. (68) follows from the direct substitution of the
definition relation (66) into its right-hand side. For m = 2, Eq. (69) is obtained by
direct substitution from the definition (66). For m > 2, Eq.(69) is proved by complete
induction; the induction transition is performed by first using Eq. (67) fors = m — 1
and then using the validity of the relation to be proved for m = 2 in the last term
of the sum with respect to s. If in definition (66) the function f(x;) is expanded in the
Taylor series at the point x4, we obtain the right-hand side of Eq. (70), the summation
with respect to r being carried out starting with zero instead with m — 1. We shall

prove later that terms of the sum for r =0, 1,..., m — 2 are zero, which proves
the correctness of Eq. (70). From Corollary on p. 250 in ref.”, 4™ !{x =
=X, Xgr o0 X} (X = %)* =0 for s<m—1 and 4™ '{x =x, X, ...

vy Xm} (X = x0)* = 1 for s = m — 1. Hence follows the correctness of Eqs (71),(72)
for s < m and the fact that terms of the sum on the right-hand side of Eq. (70)
are zero for r = 0,1, ..., m — 2. The sum on the right-hand side of Eq. (73) is empty
for s < m — 1, while for s = m — 1 the only term in the sum is unity. Hence it
follows that Eq. (73) is correct for s < m. For s 2 m we apply Eq. (69) with f(x) =
= (x — xo)* 7', g(x) = x — x, to the left-hand side of Eq. (73), whence

A™THX = X X0 e X (X = Xo) =A™ H{x = x4, Xg, o0y Xy} (X = Xo) T4

4 (xm — %0) 4™ {x = Xy, X3, oo, X} (X — xoFTE

Eq. (69) is repeatedly applied to the operator 4™~ in the last term of this equation
until the term containing the operator 4™~ ! becomes zero. In this way we obtain
the right-hand side of Eq. (73), and Eq. (73) is proved. For m = 1, Eq. (7/) is the
identity (x; — xo)* = (x, — Xo)%; for m > 1, it follows from Eq. (73) by complete
induction with respect to m.

In order to prove the equality between the right-hand sides of Eqs (7/) and (72),
let us first expand the product [] Mj' with the condition Y is; =s+ 1 — m.

i=1 i=1
This product is the product of s, factors M, of s, factors M,, of s; factors M3, etc.
To each of the s, factors M,, we assign one of the numbers 1,2,...,s + 1 — m,
to each of the s, factors M, we assign two of these numbers, to each of the s, factors
M, we assign three of these numbers, etc., all the numbers assigned being chosen
to be pairwise different. With respect to the equation ) is; = s + 1 — m, all the
i=1

numbers 1,2, ...,s + 1 — m are just exhausted in this way. The expanded product
is obtained so that of each of the s, + s, + s3 + ... factors, one of the (x, — x,)’,
(x2 = Xo)', -, (xm — Xo)" values is chosen, the chosen values are multiplied by each
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other and the products are summed up for all the possible choices (the number
of which is m***2*%%-) Now for each choice we define the assignment of numbers
1,2,...,s + 1 — m to the numbers 1,2, ..., m, so that those of numbers 1, 2, ...
..., + 1 — m which are assigned to a certain factor M; (their number being i)
are assigned to the number j (j being one of the numbers 1, 2, ..., m), if (x; — xo)*
was chosen from this factor M;. Two different choices yield different assignments,
because in the case of a change in the choice even in a single factor, the numbers
assigned to this factor are assigned to another of the numbers 1, 2, .... m. Let in this
assignment, r; of the numbers 1,2, ...,5s + 1 — m be assigned to the number 1, r,
of them be assigned to the number 2, ry of them be assigned to the number 3, and

m

so on. Obviously, we then have Z r;=s + 1 — m. In the choice corresponding
i=1

to such an assignment, we obtain after multiplication of the values chosen the value

T (x; = xo)™.

Let us now examine all possible assignment in which ry, r,, .... r,, of the numbers
1,2,...,s + 1 — m are assigned to the numbers 1,2, ..., m, respectively, the as-
signments differing only in the order of the r; numbers assigned to the same j being
regarded as identical. If we now permute the numbers 1,2,...,s + 1 — m, each
assignment either does not change or changes into another assignment with the same
Py, ¥y, ..oy . Thus, each permutation of numbers 1,2,...,s + 1— m defines
a permutation of all the assignments considered here, and by a suitably chosen permu-
tation any assignment may be changed into any other. Consequently, permutations
of assignments form a permutational transitive representation of the permutation
group of s + 1 — m elements S,,_,. The matrices of this permutational repre-
sentation cause only permutations of components of the vectors which they apply to;
owing to transitiveness, each component of a vector may be transformed into any
other component of this vector. Hence, a vector is invariant with respect to all the
matrices of this representation then and only then if all of its components are identical.
This means that this representation contains the identical representation just once.

Let us further introduce a permutation P of numbers 1,2,...,5 + 1 — m, the
cycles of which are formed so that into each cycle we put all the numbers assigned
to the same factor M;. We thus obtain the permutation P as a product of s, trans-
positions, of sy cycles of the length 3, of s, cycles of the length 4, etc.; s, numbers
assigned to factors M, remain invariant in the permutation P. Let it now be asked
which assignments of the numbers 1,2,...,5s + 1 — m to the numbers 1,2,..., m

are obtained from the choices in expanding the product H M;'. The answer is that
=1

these are the assignments where for all the factors all the numbers assigned to the

same factor M, (i in number) are assigned to the same of numbers 1, 2, ..., m. This is

fulfilled, however, only if the assignment does not change with the permutation P.
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Hence, of all possible assignments considered in the preceding paragraph (i.e.
of those which assign r; of the numbers 1,2,...,5s + 1 — m to the number 1, r,
of them to the number 2, ..., r,, of them to the number m) we obtain, after expanding
the product [] M}', those which are invariant with the permutation P, each of them
i=1

once. The number of these assignments equals to the character of the permutation P
in the representation introduced in the preceding paragraph, because in the matrix
of permutational representation there is unity in the diagonal, if the element cor-
responding to this row remains unchanged in the permutation under consideration,
and there is zero in the diagonal, if the element changes into some other element.
If this character is denoted by y;''i>"''™, we obtain

S1.s

I e = S mx ~ xo)”,
=t ntet T -,

where the summation runs over all the non-negative integers ry, r,, ..., rp,, which
meet the condition r; + r, + ... + rn = s + 1 — m. If we multiply each character
by the number of permutations in the corresponding class of equivalent permutations,
sum up over all the classes, and divide by the number of elements of the group
S,41-m (i.e. (s + 1 — m)!), we find out how many times the identical representation
is contained in the representation under consideration, which in our case is unity.
A class of equivalent permutations contains all the permutations having the same
lengths of cycles, i.e. it is characterized by the numbers s, s,, ..., and contains
(s +1—m) H(s ! i*!) permutations. Hence, T

1
(S +1 - m)' h.g.»..

Lisy=s+1l~m
1=1

where the summation runs over all the non-negative integers sy, s,, ..., which meet
the condition Y is; = s + 1 — m, and also

Y i[Jl M3 (s i) =

S1:824ee-
L isj=s+1-m
i=1

1

T

» f[(\ — Xo)" ¥

£1,F2,000,fm $1,82.00
r+nt. . trm=s+l-m I is;=s+1l-m
ist
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[
ja )

(xy = xo)"

1

F1T20fm j
4t trm=s+l-m

This proves the equality of the right-hand sides of Eqs (71),(72).
Since for f(x) = e*, there is [*)(x,) = 1" exp (xo!), Eq. (46) follows from Eq. (70),
il X is given by X, = 4™ "{x = x;, x5, ..., Xu} (x = xo)**™ 7', and further, the
correctness of Eqs (47) and (47') follows from Eqs (72) and (73). If we put f(x) =
=e*, s =2,m=u + 3in Eq. (67), we obtain
A % = A A Aoy s s A FU(x, 2p) =
= P20 2 A e e Ao A

and consequently, Eq. (53) is correct. Similarly,

A5 = Ay A D e g0 A F‘(li, x) =
= F**2(), A,

ao s oo Ao Ag)

and consequently, Eq. (54) is correct. The respective expression in Eq. (55) may be
written as

A'”{y =iy A A oo A A5} (A'“{x = is Aeps Fegs oo A 2a} FH(x, 9)) -
By twofold application of Eq. (67), we obtain for it the value
F"*'”(l /S SR S P SRV S S ),

sv) )

which proves the correctness of Eq. (55). The definitions of G;(x) and Gy,(x) intro-
duced in Eqs (56)—(58) give

A Ay, - A A
Gi x) = in‘lnrs fu—1fu” ruk - R
) r,,r;“,n. (x = 2)(x = A)(x = A,) oo (x — 4 ) (x — )

the summation being carried out as in Eq. (42). Now, if we put u + 2 instead of u
and v + 2 instead of v in Eq. (68) and apply it to the right-hand side of Eq. (55),
we may put the indicated sum with respect to sy, s, ..., s, after the operator 4***
in the first term, and the indicated sum with respect to ry, r,, ..., r, after the operator
4**! in the second term. This yields
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Duy= % AiAny e Arg A 4 = 20 A A oo s A (€4Gy(x)) +

LIRS

+ Y Ad,- A

$1.52,08y

A AN = 00, Ay Fyy ooy 2 25} (eXG(x)) . (74)

Svoisv/ sy

Further, it holds that

AYx = x,. x5} Gi(x) = = Gy(x)f(x; — 4)

and
k=1
Al{x = Xp, Xz} le(x) = (Z,A‘{x = Xx»xz} Gis(x) Ag — Gik(xl))/(xl - 4),
so that for m = 2 we have the same recurrent relation for

A™Hx = xy, Xy, oo X} Gi(x) asfor GRTM(xy, x50 oo, X)),

including the case i = k. That this recurrent relation holds also for m > 2 can be
proved by complete induction; the induction transition is performed by the applica-
tion of the operator A‘{x, =a, b} to both sides of the recurrent relation and sub-
sequent re-labelling of the set of arguments (a, b, X5, X3, ..., Xp) t0 (X, X3, +vvy Xy )-
Hence. 4™ '{x = X, X3, ..., X} Giu(x) = G '(xy, X+ .., Xp), including the case
i = k. Bearing in mind this equality, we obtain Eq. (58) by applying Eq. (69) to
Eq. (74). If Eq. (68) with v = 1 is applied to Eq. (53), the indicated summation
with respect to ry., r5, ..., r, is carried out in the second term, and Eq. (69) is applied
in the first term, Eq. (56) is obtained. Similarly, by applying Eq. (68) with u = 1
to Eq. (54), carrying out the indicated summation with respect to s;, 53, ..., s,
in the first term and applying Eq. (69) in the second term, we obtain Eq. (57).
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